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The asymptotic expansion of the heat kernel associated with Laplace operators is considered for general ir- 
reducible rank-one locally symmetric spaces. Invariants of the Chern-Simons theory of irreducible U(n)— flat 
connections on real compact hyperbolic 3-manifolds are derived. 



1. Introduction 

The semiclassical approximation for the 
Chern-Simons partition function may be ex- 
pressed by the asymptotics which leads to a 
series of C°°— invariants associated with triplets 
{X; F; £} with X a smooth homology 3— sphere, 
F a homology class of framings of X, and £ an 
acyclic conjugacy class of orthogonal representa- 
tions of the fundamental group ^\{X) [ In 
addition the cohomology i?(X;Ad£) of X with 
respect to the local system related to Ad£ van- 
ishes. In dimension three there are two important 
topological quantum field theories of cohomologi- 
cal type, namely topological SU(2) gauge theory 
of flat connection and a version of the Seiberg- 
Witten theory. The twisted Af = 4 SUSY SU(2) 
pure gauge theory (version of the Donaldson- 
Witten theory) describes the Casson invariant [ 
D while Seiberg-Witten theory is a 3d twisted 
version of ftf = 4 SU SY U(l) gauge theory with 
matter multiplet [ [| Qj. Both theories can be 
derived from 4d N = 2 SUSY SU{2) gauge the- 
ory corresponding via twist to Donaldson- Witten 
theory. It would be interesting and natural to 
investigate dual description of the N = 2 theory 
in low-energy limit. It could provide formulation 
of invariants of four-manifolds involving elements 
of the Chern-Simons invariants. In this paper 
we turn into Chern-Simons invariants related to 
locally symmetric spaces. 



The invariant Wcs(X;k) associated with the 
Chern-Simons functional CS(A^) has to all or- 
ders in k^ 1 = h/2n (k 6 Z) an asymptotic sta- 
tionary phase approximation of the form [ ^) 

Wcs(X-k) = Y J W ( Q 0) {X-k) 



x exp sf^lk ICS(A^) + Y^CSn{A^)k- n J , 

(1.1) 

where CS n (A^) are the n-loop quantum correc- 
tions of flat connection A^ coming from the n- 
loop 1-particle irreducible Feynman diagrams. 

The partition function of quadratic functional 
(one-loop expansion) Wo(X; k) can be written in 
the form [ |, 



W (X;k) 



ft x C(0,|»|)/2 

S \ (-(V=T,r/4)„(0 1 S>)) 



x T^(X)] 1/2 Vol(X)- dimH "^/ 2 . (1.2) 
The holomorphic function 



V (s,T>)= f sgn(A)|A|- 

AeSpccS\{0} 

= Trf£ (S 2 r (s+1)/2 
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(1.3) 



is well defined for all 5Rs > (in Eq. (1.3) 
the sum has to be taken over all the spectrum 
A) and extends to a meromorphic function on 
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C. Indeed, from the asymptotic behaviour of the 
heat kernel of the Dirac operator D at t = 0, 
Tr(Dexp(-i£> 2 )) = 0(t^ 2 ) [ | it follows that 
r\ (s, ID) admits a meromorphic extension to the 
whole s— plane, with at most simple poles at 
s = (dimX — g)/(ordID) (q S Z + ) and locally 
computable residues. It has been established that 
the point s = is not a pole, which makes it pos- 
sible to define the eta invariant of D by 77(0, 2)). 
One can attach the eta invariant to any operator 
of Dirac type on a compact Riemannian manifold 
of odd dimension. Dirac operators on even di- 
mensional manifolds have symmetric spectrums 
and, therefore, trivial eta invariants. As far as 
the zeta function £(0, is concerned in Eq. 
(1.2), we recall that there exist e, 8 > such that 
for < t < S the heat kernel expansion for self- 
adjoint Laplace operators £, p (acting on the space 
of p— forms) is given by 



= (-l) m+1 ^(- 1 ) Pdimi?P ( V )- ( L6 ) 

The Ray-Singer norm || • \ \ RS on the determi- 
nant line detH(X;^) is defined by [ B| 



\RS d ^_S 



aX 



n 

p=0 



exp 



1 (-l) P P/2 



(1.7) 



For a closed connected orientable smooth mani- 
fold of odd dimension and for Euler structure 7/ G 
Eul(X) the Ray-Singer norm of its cohomologi- 
cal torsion T$(X; 77) = T^J(X) G detH{X;£) is 
equal to the positive square root of the absolute 
value of the monodromy of £ along the character- 
istic class c(r?) e H l {X) [0: \\T^(X)\\ RS = 
|det^c(?7)| 1 / 2 . In the special case where the fiat 
bundle £ is acyclic (H P (X;^) — 0) we have 



Tr(e 



+ 0(t £ ). (1.4) 



r£)pol =|det f cfa)| 



We shall calculate the heat kernel coefficients 
Ai for locally symmetric spaces of rank one in 
the next sections. One can shown that the zeta 
function £(s, is well-defined and analytic for 
5f s > and can be continued to a meromorphic 
function on C, regular at s = 0. Moreover (see 
Rcfs. 



C(0, = J2(-l) p (M&p) - dimH"(R(S))), 
p=o 

(1.5) 

where R(S) is the resolvent of the quadratic 
functional S (a chain of linear maps). £(0, 
can be expressed in terms of the dimensions of 
the cohomology spaces of ID. Indeed, for all p 
A (Z p ) — 0, because we are dealing with odd- 
dimensional manifold without boundary. Since 
HP(R(Ss>)) = H m -v{V) (by virtue of Poincare 
duality), m — (dimX — l)/2, it follows that 



C(0||ID|) = -E(-irdimi^(i?(S)) 

p=0 



dimX 

>< n 

p=0 



exp 



(-i) p+1 p 



(1-8) 

This note is an extension of previous papers [ 
0, H H, H, ||, 013, IH ■ Our aim is to evalu- 
ate the semiclasssical partition function, weighted 
by exp[\/— TfcCiS'(A)]. We shall do this analysis 
using the spectral properties of elliptic operators 
acting on locally symmetric spaces of rank one. 

2. Asymptotics of the heat kernel on rank 
one locally symmetric spaces 

In Refs. [ |9|, (U H|, Miatello studies the case 
of a closed locally symmetric rank one manifold 
X, using the representation theory of the group 
of isometries of X. We consider the same case, 
but we use the spectral zeta function of X. By 
our approach we determine the expansion coeffi- 
cients explicitly, given the results of Ref. [ [22] |. 
We shall be working with an irreducible rank one 
symmetric space M = G/K of non-compact type. 
Thus G will be a connected non-compact simple 
split rank one Lie group with finite centre and 
K C G will be a maximal compact subgroup [ 
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p3[ . Let r c G be a discrete, co-compact tor- 
sion free subgroup. Then X = Xr = F\M is 
a compact Riemannian manifold with fundamen- 
tal group r, i.e. X is a compact locally sym- 
metric space. Given a finite-dimensional unitary 
representation x of T there is the correspond- 



ing vector bundle V x 



X over X given by 



V x = r\(M ® F x ), where F x (the fibre of V x ) 
is the representation space of x an d where T acts 
on M(g)F x by the rule 7- (to, /) = (7-771, x(l)f) for 
(7, m,/) G (F<g)M<8)F x ). Let £ r be the Laplace- 
Bcltrami operator of X acting on smooth sections 
of V x ; we obtain £r by projecting the Laplace- 
Bcltrami operator of M (which is G— invariant 
and thus T— invariant) to X. 

The spectral zeta function £(s;£r) = Cr(s; X.) 
of Xr of Minakshisundaram-Pleijel type [ £4[ is 
a holomorphic function on the domain -fts > d/2, 
where d is the dimension of M , and by general 
principles Cr(s;x) admits a meromorphic contin- 
uation to the full complex plane C. However since 
the manifold Xr is quite special it is desirable 
to have the meromorphic continuation of Cr(s; x) 
in an explicit form, for example in terms of the 
structure of G and P. Using the Selberg trace 
formula and the K- spherical harmonic analysis 
of G, such a form has been obtained in [ p2|]; also 
see Refs. f 
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To state these results we in- 
troduce further notation. 

Up to local isomorphism we can represent M = 
G/K by the following quotients: 



2.1. The heat kernel coefficients 

The object of interest is the heat kernel ur(t; x) 
defined for t > by 



ur(t;x) 



OO 

E 

3=0 



n j(x)e 



-Aj (x)< 



(2.2) 



where rij is the (finite) multiplicity of the eigen- 
value Xj . If h t is the fundamental solution of the 
heat equation on M, then ht and u>r(t; x) are re- 
lated by the Selberg trace formula (cf. [ £2|) 



wr(*l X) = x(l)Vol(r\G)^(l) + e r (t; x), (2.3) 

where we denote by Vol(r\G) the G— invariant 
volume of T\G induced by Haar measure on G, 
the theta function 8r(t; x) is given by Eq. (4.18) 
of [ |22j (for 6 = there) and where 



Mi) 



-PS* 



47T 



t /i(r)dr. 



(2.4) 



We shall not need the result (2.2). Our goal is to 
compute explicitly all coefficients Ak — Ak(T,x) 
in the asymptotic expansion 



Lo T {t-x)^(^tr d ' 2 Y J A k t\ as^0+. 

(2.5) 

Cr(s;x) an( A wr(i;x) are related by the Mellin 
transform: 



M = 



SOi(n,l)/SO(n) 
SU{n,l)/U(n) 
SP(n, l)/(SP(n) < 



SP(1)) 



(I) 

(II) 
(III) 

(IV) 



(2.1) 

where d — n, 2n, 4n, 16 and po is given by po = 
(n — l)/2,n, 2n + 1,11 respectively in the cases 
(J) to (IV). For details on these matters the 
reader may consult [ |2|] , and also the Appendix 
in [ ^6|. The spherical harmonic analysis on M 
is controlled by Harish-Chandra's Plancherel den- 
sity p(r), a function on the real numbers M, com- 
puted by Miatello [ ^ || , and others, in the 
rank one case we are considering. 



Cr(s;x) = 



r(5) 



wrftx)*- 1 *, for 5R S > -. (2.6) 
r ( s ) Jo 2 

Moreover one knows by abstract generalities (cf. 

[ 24 1 27|] for example) that the coefficients Ak are 

related to residues and special values of Cr(s; x)- 

We obtain the following main result. 

Theorem 2.1 (Ref. [ |f]). The heat kernel 

u)r(t;x) m (2.2) admits an asymptotic expansion 

(2.5). For all G except G = SOx(£, 1), SU(q, 1) 

with i odd and q even, and for < k < d/2 — 1, 



A k (T, X ) = (47r)*- 1 x(l)Vol(F\G)G G7 r 
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E 



T^^-^+^Sl-Cm^ (2-7) 



while for n — 0, 1, 2, ... we /iaue 



of Cr(s; x) in this case differs essentially from the 
case of odd q in its non-singular terms - not the 
singular terms of Cr(s;x) where information on 
poles is determined [ We now define (3 r {j) by 



A i+n (T, X ) = (-l)"(4 7 r)5- 1 x(l)Vol(r\G)C G7 r 



1 2(n+l+j) .. 

j + l Po J la 2j 



EC- 1 ) 

J=0 



(n+l + j)! 



2 _1 n 2(n-£) 

iiere /3 r (j) (r € Z+) is given by 



(2.8) 



de/ 



2 l-2(r+j) _ x 
(-l)'B 2(r+i ) 



a(G) 



2(r+j) 



2(r+j)[(r-l)!]' 
B r is the r-th Bernoulli number. 



(2.9) 



a(G) = 



7r if G — SOi(£, 1) with £ even, 
? if G = SU{q, 1) wzi/j a; odd, 
or G = SP{1, 1) any F 4( _ 20 ) 

(2.10) 

and a-ij, Cq are some constants (Cq depending 
onG). For G = S0 1 {2n + 1,1), k = 0,1,2, ... 



A k (T, X ) = 7r(47r)"-3 X (l)Vol(r\G)C G 

x V" ^ - C 71 _ £ + 2 J a 2(n-f 



=0 



(fc-£)! 



(2.11) 



2.2. The case G = SU(q, 1) 

We considered the Minakshisundaram-Pleijel 
coefficients Ak(Xr) for all compact rank one 
space forms Xr (up to local isomorphism) with 
one exception - i.e. the case Xr = T\G/K with 
G = SU{q,l). We assume G = SU(q, 1) where 
now q > 2 is even. The meromorphic structure 



(-1)3 2^+3) B 2(r+3) 
2(r + i)[(r - l)!]- 1 ' 



(2.12) 



At this point the earlier discussions apply and we 
may conclude the following. 

Theorem 2.2. Formulae (2.7) and (2.8) also 
hold for G — SU(q, 1) with q > 2 even, where 
d/2 = q = po, provided that in formula (2.8) 
definition (2.9) for /3 r (j) is replaced by definition 
(2.12). 

3. Real compact hyperbolic manifolds 

In this section we consider briefly the Freed 
trace formula which is useful for calculation of 
the partition function of quadratic functional de- 
fined on real hyperbolic space. The heat kernel 
coefficients for p-forms on hyperbolic space can 
be found in the paper of F.L. Williams in this 
volume. 

As before Xp = Y\G/K is a compact manifold, 
G = SOi(n, 1) (n G Z+) and K = SO(n). The 
corresponding symmetric space of non-compact 
type is the real hyperbolic space H™ of sectional 
curvature — 1. Its compact dual space is the unit 
n— sphere. 

3.1. Fried's trace formula 

Let ao,no denote the Lie algebras of A,N in 
an Iwasawa decomposition G = KAN. Since the 
rank of G is one, dimao = 1 by definition, say 
oq = RHq for a suitable basis vector Ho. One can 
normalize the choice of Ho by /3(£/o) = L where 
(3 : ao — > R is the positive root which defines no] 
for more detail see Ref. [ . Since V is torsion 
free, each 7 G T — {1} can be represented uniquely 
as some power of a primitive element 8 : 7 = W 
where J (7) > 1 is an integer and 8 cannot be 
written as 7^ for 71 G T, j > 1 an integer. 
Taking 7 G T, 7 7^ 1, one can find i 7 > and 

def 

m~ G 9Jt = {m 7 G if |m 7 a = am 7 ,Va G A} such 
that 7 is G conjugate to to 7 exp(t 7 i?o), namely 
for some g G G, g7g _1 = m 7 exp(i 7 i/ )- Besides 
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let Xo-( m ) = trace(er(m)) be the character of a, 
for a a finite-dimensional representation of 971. 
For < p < d — 1 the Fried trace formula holds 



Tr 



+H (p \t,b^) + H ip - 1 \t,b {p - 1) ), (3.1) 



where 



47T 

fr»e- t|r2+tW+(p «- 1,)21 *, (3.2) 



def 1 



76C r 



'{1} J(7) 



x X CTp (m 7 )exp. 



b {p) t+( Po -p) 2 t+f t 



(3-3) 

po = (d — l)/2, fe^- 1 are some constants, and the 
function C(7), 7 £ T, defined on T — {1} by 



C( 7 ) e-w^ldetfto (AdKe*^ )- 1 - l) p 1 . 

(3.4) 

For Ad denoting the adjoint representation of G 
on its complexified Lie algebra, one can compute 
t 1 as follows [ p9| : 



e 1 "' = max{|c||c = an eigenvalue of Ad(7)}. 



Here Cr is a complete set of representatives in 
r of its conjugacy classes; Haar measure on G is 
suitably normalized. For p = (i.e. for smooth 
functions or smooth vector bundle sections) the 
measure /i(r) = (J-a(r) corresponds to the trivial 
representation of 971. For p > 1 there is a mea- 
sure Pa{r) corresponding to a general irreducible 
representation a of 971. Let o p be the standard 
representation of 97t = SO(d - 1) on A^C^" 1 ). 
If d = 2n is even then a p (0 < p < d — 1) is 
always irreducible; if d = 2n + 1 then every a p 
is irreducible except for p = (ci — l)/2 = n, in 



which case a n is the direct sum of two spin-(l/2) 
representations a ± : a n = a + <r~ . For p = n 
the representation r„ of K = SO(2n) on A 
is not irreducible, r„ = ' 
of spin-(l/2) representations. 



ntn2n 



) t„ is the direct sum 



3.2. The Harish-Chandra Plancherel mea- 
sure 

We should note that the reason for the pair of 
terms {/(p),/^- 1 )}, {H(p\H<-p-^} in the trace 
formula Eq. (3.1) is that t p satisfies t p |ot = a p © 
<Jp-i. Then we have 



N (r) = CM(«f)P(r,d)x{ tanh(^), d = 2n 



C {p \d) 



C ip \d) = 



2n + l 

EtLV 4?(rf)^ +1 tanh(7rr) 



d- 1 



'2f 



{d)r 2 



(3.6) 
(3.7) 



2 2d - 4 r(d/2) 2 

where the P(r, d) are even polynomials (with 
suitable coefficients a^(d)) of degree d — 1 for 
G 7^ S'Oi(2n + l,l), and of degree d = 2n+l for 
G = SOi(2n + l,l) [|| ||||. 

3.3. Case of the trivial representation 

For p = we take = f^ -1 ) = 0. Since a 

is the trivial representation one has Xuo{ m i) = !• 
In this case formula (2.3) reduces exactly to the 
trace formula for p = [ g^, ^] : 

47T 

2'2 x / ^(0e- (r2+ft(O1+ ^ ( *+i?™(^ (0) ), (3-8) 



where po is associated with the positive restricted 
(real) roots of G (with multiplicity) with respect 
to a nilpotent factor N of G in an Iwasawa decom- 
position G = KAN. The function H^(t,b^) 
has the form 



ff<°>(t,&(°>) = 



1 



/47rf 



E X(7)M(7) _1 



7eC r -{l} 

xC( T )e-[»" 1 '+*+ f ;/( 4f )l. (3.9) 
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3.4. Case of zero modes 

It can be shown [ that the Mellin transform 
of i?(°)(i,0) (M 0) = 0, i.e. the zero modes case) 



^(o) (s) ^i / ij(o)^o)^- 1 ^, (3.10) 



is a holomorphic function on the domain 5Rs < 0. 
Then using the result of Refs. [ [H], |(| one can 
obtain on SRs < 0, 



r( s ) 



x / TPr{t + 2po- 1 x)(2pot + t 2 )- s dt. (3.11) 

Here *p r (s; x) = d(logZ r (s; x))/ds, and Z r {s; x) 
is a meromorphic suitably normalized Selberg 
zeta function [ |§ |4[ |§ |l| . 



4. The index theorem and the contribution 
to the partition function 

For any representation x '■ r ~~ * one can 

construct a vector bundle E x over a certain 4- 
manifold K with boundary dY = X which is an 
extension of a flat vector bundle E x over X. Let 
A x be any extension of a flat connection A x cor- 
responding to x- The index theorem of Atiyah- 
Patodi-Singcr for the twisted Dirac operator 
[ |37], |38l M is given by 



(^ij = / ch(E x )A(y) 



Index | 



--(ry(0,S) x ) + / l (0,2) x )), (4.1) 

where ch(E x ) and A(Y) are the Chern char- 
acter and A— genus respectively, A = 1 — 
Pi(F)/24, is the 1-st Pontryagin class, 

h(0, D x ) is the dimension of the space of har- 



monic spinors on Xr (^(O,!!)^ 



dimkerXK 



multiplicity of the 0-eigenvalue of D x acting on 
X); D x is a Dirac operator on X acting on spinors 
with coefficients in x- 

The Chern-Simons invariants of X can be de- 
rived from Eq. (4.1). Indeed we have (see for 
detail Refs. [ |l| [L§ [[§)): 



CS( X ) = 2 (dim X ry(0, S) - 77(0, D x )) mod(Z/2). 

(4-2) 

A remarkable formula relating 77(5, 2)), to the 
closed geodesies onX = r\H 3 has been derived in 
[ |l], |l| . More explicitly the following function 
can be defined, initially for 5R(s 2 ) 3> 0, by the 
formula 



logZ(s,D) d = f 



b]e«i(r) 



i(7,2)) 



-^(7) 



|det(I-f\( 7 ))|Va m( 7 ) 



(4.3) 



where f i(r) is the set of those conjugacy classes 
[7] for which X 7 has the property that the Eu- 
clidean de Rham factor of X 1 is 1-dimensional 
(X is a simply connected cover of X which is a 
symmetric space of noncompact type), the num- 
ber q is half the dimension of the fibre of the cen- 
tre bundle C(TX) over X 7 , and £(7, 2)) is the 
Lefschetz number (see Ref. [ fll)). Furthermore 
\ogZ(s, 25) has a meromorphic continuation to C 
given by the identity 



logZ(s,S5) = logdeti 



-Is 



T7T?7(S,S)) 



(4.4) 



where s S V-T(Spec(£>) - {0}), and Z(s,25) sat- 
isfies the functional equation 



Z(s,®)Z(-s,£>) 



-lJ?(»,S) 



(4.5) 



Let now x : r — ► [/ (i 7 ") be a unitary represen- 
tation of r on F. The Hcrmitian vector bundle 
F = X Xp F over X inherits a flat connection 
from the trivial connection on X x F. We spe- 
cialize to the case of locally homogeneous Dirac 
operators D : C°°(A,E) -> C°°(A,E) in or- 
der to construct a generalized operator O x , act- 
ing on spinors with coefficients in x- If 2D : 
C°°(X,V) -► C°°(X,V) is a differential opera- 
tor acting on the sections of the vector bundle 
V, then D extends canonically to a differential 
operator 2) x : C°°(A, V ® F) -> C°°(X, V <g> F), 
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uniquely characterized by the property that D x 
is locally isomorphic to S ® ... (g> S (dim F times) 
[0- 

One can repeat the arguments to construct a 
twisted zeta function Z(s,D x ). There exists a 
zeta function Z(s,D x ), meromorphic on C, given 
for 5R(s 2 ) ^ by the formula 



£ (-i)*nx(7)j 

h]e£i(r) 



i(7,®) 



|dBt(/-fl,(7))|V2 m ( 7 ) ' 
(4.6) 

moreover one has logZ(0, S) x ) = 7r-\/— Ti?(0, 3) x ). 
It follows that 

Z(0,D x ) = Z(0,®) dimx e- 21T ^ CS{X \ (4.7) 

and eventually the Chern-Simons functional 
takes the form 



CS(x) 



1 



2-Ky 



-1 



log 



Z(0,S) dim * 



Z(0,S) x ) 
The classical factor becomes 



mod(Z/2). 
(4.8) 



exp [ % /^TfcC5( X )] = 



Z(0,£) c 



2(0,2), 



x exp[2 7 rv /Z T?i(mod(Z/2))]. 



(4.9) 



4.1. The Ray-Singer norm 

For odd-dimensional manifold the Ray-Singer 
norm is a topological invariant: it does not de- 
pend on the choice of metric on X and £, used 
in the construction. But for even-dimensional X 
this is not the case [ For real hyperbolic 

manifolds of the form r\H 3 the dependence of 
the L 2 — analytic torsion (1.8) on zeta functions 
can be expressed in terms of Selberg functions 
Zr(s;x)- I n the presence of non- vanishing Betti 
numbers 6; = bi(X) — rankzi^(Ar; Z)) we have 
[00 

(2) 2 {b 1 -b )\[Z^\2; X )f 

ian 1 NP4 bl - b0) (i;x) 



xexp( -— Vol(r\G) 



(4.10) 



There is a class of compact sufficiently large hy- 
perbolic manifolds which admit arbitrary large 
value of b\(X). Sufficiently large manifold con- 
tains a surface £ whereas 7i"i(£) is finite and 
7Ti(£) C tti(X). In general, hyperbolic manifolds 
have not been completely classified and there- 
fore a systematic computation is not yet possible. 
However it is not the case for sufficiently large 
manifolds [ 0] , which give an essential contribu- 
tion to the torsion (4.10). 

Finally we note that formulae (4.8), (4.9), (1.2), 
(1.5) and (4.10) give the value of the asymptotics 
of the Chern-Simons invariant in the one-loop ex- 
pansion. The invariant involves the L 2 — analytic 
torsion on a hyperbolic 3-manifold, which can be 
expressed by means of the Selberg zeta function 
Zr(s;x) an d Shintani function Z(0,D x ), asso- 
ciated with the eta invariant of Atiyah-Patodi- 
Singer. 
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